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Abstract—This paper discusses the problem of streaming
coupled tensor factorization based on sensor networks, where
each sensor observes only some features of the targets, and the
measurements from sensors are provided in a streaming tensor
fashion. Moreover, the observed features of different sensors
might overlap (i.e., coupled tensor), and there is no central
processing unit to collect all sensor data. Then, in our work, the
canonical polyadic (CP) decomposition is exploited to perform
local tensor decomposition based on the measurements of each
sensor, and average consensus (AC) for diffusing information
throughout the network. The proposed method is verified via
simulations.

Index Terms—Sensor network, radar network, streaming cou-
pled tensor, CP decomposition, average consensus

I. INTRODUCTION

Due to the ability of capturing multi-dimensional features,
it is convenient to represent datasets of interest (e.g., hyper-
spectral super-resolution images [1] and array signals [2]) by
coupled tensor models. In this paper, we are going to address
the problem of streaming coupled tensor factorization, i.e.,
online tensor decomposition introduced by [3], [4], based on
a sensor network (SN) [5], [6] which is made up of a set of
synchronous sensor nodes (e.g., network of radars to improve
the coverage and tracking accuracy of targets [7]). In such a
case, nodes provide streaming measurements with respect to
the time-varying tensor.

In order to capture the inherent dynamic characteristics of
the tensor, it is more suitable to perform online processing
instead of estimating a static tensor based on batch mea-
surements [8]. Tensors [9] generalize matrices to more than
two dimensions. Higher-order tensors and their decomposition
problems have recently become pervasive in signal processing,
data analytics, and machine learning [10], [11]. However,
a majority of tensor decomposition algorithms have been
designed for batch measurements, and relatively fewer works
have been devoted to streaming measurements.

Seminal work on streaming tensor factorization (some
literature uses the term tensor tracking) can be found in
[3], where two adaptive canonical polyadic (CP) algorithms

have been introduced for tracking 3-way streaming (i.e., 3-
dimensional) tensors. Then, various streaming tensor factor-
ization algorithms have been proposed [4], [12]-[18], and a
comprehensive survey of the state-of-art is available in [19].
According to the taxonomy of [19], such algorithms can
be classified into three types: streaming CP decompositions,
Tucker decompositions, and streaming decompositions under
other tensor formats. In [20], a generalized online CP tensor
factorization and completion algorithm is proposed, and a
remarkable feature of this work is that the estimated tensor
before the last time can be further revised based on the current
measurements. Then, the streaming generalized CP (GCP)
decomposition method has been proposed in [21], which
differs from traditional CP decompositions by introducing
more types of optimization cost functions. Moreover, [22]
has considered streaming tensor factorization based on parallel
processing to speed up computation.

Nevertheless, the aforementioned methods are designed for
single sensor processing. In practice, a SN can be deployed
over the region of interest so as to get improved performance
with respect to the single-sensor case. There are essentially
two main approaches, i.e. centralized and distributed, for pro-
cessing data from multiple sensors. The centralized approach
makes use of a fusion center (FC) [23] to which all sensor
nodes transmit their measured data. Conversely, the distributed
approach [24] has no FC so that each node can exchange
messages with neighbors only. In general, centralized pro-
cessing clearly provides better performance, but at the cost of
larger computational burden, lower fault tolerance and reduced
scalability. In this paper, a distributed approach will therefore
be considered.

Different from single sensor processing, under the scheme
of the SN, we can model the observed data as coupled tensor
model [25] (i.e., different measurements of the same targets).
In particular, the aim of this work is to develop a fully
distributed streaming coupled tensor factorization algorithm.
To this end, we will first derive the streaming coupled tensor
factorization algorithm based on the assumption that measure-
ments of all sensors are available and cannot be processed in



TABLE I: Frequently used symbols in this paper

|  Notations | Descriptions |
a scalar
a vector
A matrix
A tensor
aij (4, 7)-th element of A
A set, e.g., graph vertex set and edge set
AT A1 transpose and inverse of A
um™ n-th loading factor of A
A mode-n unfolding of A
o outer product
® Khatri-Rao product
Xn mode-n product
AHﬁf:lX um™ Ax; UD xy oo xy UM
Qi’_l um™ UM eou®-Ve...0oul®
1N all-one vector with N elements
[|]] Euclidean norm
|- cardinality (i.e., number of elements)

a distributed manner. Then, we will exploit average consensus
(AC) [26], [27] in order to spread the shared loading factors
throughout the sensor network and thus carry out streaming
tensor factorization in a fully distributed way. In the proposed
algorithm, the tensor measurements at previous times are not
needed, since the estimated parameters for each dimension at
the current time are employed for initialization at the next
time. In this way, computational complexity does not grow
with time. Performance of the proposed algorithm is assessed
via two simulation case-studies concerning loading factor and,
respectively, direction of arrival (DOA) tracking problems.
Our proposed method turns out to possess the following key
features.

- It runs in a fully distributed manner, each node being able

to keep its private dimensions.

- Only shared loading factors are exchanged via the SN,

ensuring low communication complexity.

The rest of this paper is organized as follows. Section II in-
troduces the necessary background, while the proposed method
is presented in section IIl. Section IV provides simulation
results to assess performance of the proposed method. Finally
section V ends the paper. For the sake of convenience, used
symbols are summarized in Table I. Moreover, definitions of
Khatri-Rao and mode-n products in Table I can be found
in [9, Table 2]; in particular, the Khatri-Rao product of
A = [al,...7aR] € C™*F and B = [bl,...,bR] € CIxR
yields C € C'* % with columns ¢, = a, ®b, where ® denotes
Kronecker product.

II. BACKGROUND
A. Mathematical model of the SN

A crucial feature of distributed SNs is that no central
processing unit is deployed, each node works in a peer-to-peer
manner and communicates only with its neighboring nodes.
A schematic diagram of distributed SN is shown in Fig. 1.
Distributed sensor networks can be mathematically represented
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Fig. 1: Schematic diagram of distributed SN.

by graphs. To be more specific, let (£(¢),)) denote an
directed dynamic graph with vertex set V = {1,2,..., K}
and possibly time-varying edge set £(t) = {(k, k') | k, k' € V}
representing bi-directional data links. Let in-neighbors of node
k be denoted by Ny (t) = {k' € V| (k,k') € E(t)} at time ¢,
and di (t) = [Ny (t)| denote the degree (number of neighbors)
of node k at time ¢.

B. Problem formulation

Denote a N-way tensor by X € Clixl2xxIN and ijts
entries by @, 4,...in> fOr iy =1,..., Iy and n =1,..., N.
The rank-R CP decomposition of tensor X is a sum of R
rank-1 outer products (polyads), which can be expressed as

R
X = Zus,l) ou$_2) o~--ou£.N)
r=1

2 [umpx (1)

n=1-

where U™ = [ugn), ...,ugl)] € CI»*E is the loading factor
of mode n. Equivalently, X can be expressed as a multilinear
product with a diagonal core as follows

X:IX1U(1)-~-XNU(N), 2)

where Z € CI**f denotes the N-way unit diagonal tensor
with 4,y = 1if and only if 7y = ... = rn and otherwise
ir,..ry = 0. The multilinear product (i.e., mode-n product)
of tensor X is equivalent to the linear transform of tensor
mode-n unfolding (see [9, Table 2])

X ox, A D0 AX 3)

unfolding

where A c (CI><In7 X X A c (Cll><~~><I,,,_1><I><In+1><-~><IN
and the mode-n unfolding of X is defined as

X =UMM], )

with X(n) e CInxUrxxIn_ixInpixxIn) gpd M, =
@i\;“ “n U, Specifically, a tensor X can be uniquely
obtained from the loading factors U™ ... . UW) (i.e., tensor
decomposition is unique under mild conditions, which are
different from matrix decomposition [28]).



In this paper, we consider the single-aspect streaming tensor
model (see [19] for details). Let us define a /N-way streaming
tensor at time ¢ and node k € V as Y (t) € Clrxl2x-xIn,

for t = 1,2,.... Specifically, at time ¢ we have tensor
measurements provided by node k£ € V given by
N
Vi) = Z [ % UL (#8) + Ni(2), (5)
n=1

where ., (t) is the tensor measurement noise. Hereafter it is
assumed that U,(Cn)(t) € CHn*E pn = 1,2,..,N, are time-
varying loading factors evolving in time according to the
following dynamic model

00 =P (U0 )N @

where F(-) is the inherent dynamic model of the loading
factors and N,(:) (t) the process noise at each node k € V.
An example of definition of tensor Yy (¢) relative to DOA
tracking under known source number can be found in Section
IV-B. Summarizing, the goal of this paper is to estimate, in
an online manner, the loading factors U,(C") (t) at time ¢, for
n=1,..., N, given the measured tensor YV/(t) for k € V.

III. PROPOSED METHOD

Suppose there are P shared loading factors, and without
loss of generality we assume that the first P loading factors
of each node are shared. Here, we assume a hard coupling
relationship between shared loading factors, i.e., U;Cp ) (t) =
AP (t) forp=1,...,P and k € V (see [29] for different
types of coupling). Hence, the tensor slice received by sensor
node k at each time turns out to be

:(IHXPU,%) [ %U ) + Ao

q=P+1
= [UM I + Nu(), (7)

where U,(gq)(t) € ClaxE (for ¢ = P+1,..., N) are the private
loading factors of node k. Then, the mode-n unfolding of the
measured tensor is Y (,,) 1 (t) = U,(Cn)(t)M;;k(t) for any k €
V.

If all sensor measurements are available, streaming coupled
tensor decomposition can be expressed as the following opti-
mization problem

K
min Zwkﬁk <yk (1), [[Ul(cn) (t)]]r]:/:1>

{U’(‘n) (t)}kev,ngN k=1

+>\k2£k( U™ (), (U;f”(t—l)))

s.t.U,(c )( H=AP@) keVv,p=1,.., P

®)
where L (-,-) can be generic convex loss functions (e.g.

squared Frobenius norm loss [30]) and wy, Ar are suitably
chosen weights. In practice, the dynamic model F'(-) of the

loading factor is complex and unknown. For simplicity, in this
paper we only consider random-walk of the loading factors

U () = UM (- 1)+ NP (@), ©)

Thus (8) can be reduced to

min Zwkﬁk (Y, [0 0
fvrw}, = (10)
s.t. UP ()= AP (), keV,p=1,.., P.

This problem is non-convex with respect to all arguments
However, if we fix mode n and assume that U( )( t) for n' #
n are known, (10) is converted into a convex optimization
problem forn =1,... N

K

min Y7 wle (V). [0 01|
(v} k=
s.t. Ut =a®@), keV,p=1,..,P, (1)

which can be solved with the alternating direction method of
multipliers (ADMM) [31], wherein the augmented Lagrangian
is given by

L(UP 1), AV (1), (1))

:i{wkﬁk( Vi(t), [[Un)()n 1)}

1
p
+E oo - a0 + w0

5 12)

where p is a regularization factor and u,(cn)(t) a dual variable.
In the case of squared Frobenlus norm loss, after the initializa-
tlonofU,(c"O() INRI) ,uko()(fork:eVandn—l L, N),
the update of the shared loading factor at j-th iteration is given,
forj=1,2,..., by

U0)

:m)énwk ||Y(p),k( ) XM

pk,j—1 )HF

+ 2 |x - Al @+ (t)H2 (13)
k,j—1 Ky i1 P

where M, ;(t) = @Z Litn U( 9 ;(t). Then, the p-th shared

loading factor (for p =1,. P) 1s updated according to

== Z (U,(f] 0+ )1 (0)

where p,(p)( t) = ngp]) 1(t )—i—U,(f; (t)— Ag»p) (t). The iterative
optimization can be stopped accofding to a convergence condi-
tion, i.e., if the estimated shared loading factors at the current
iteration are close to the results at the previous iteration.
The averaging over nodes k in (14) suggests resorting to
AC so as to perform fully distributed estimation without any
FC. In the proposed distributed streaming coupled tensor de-
composition method, we first use the alternating least squares
(ALS) algorithm [32] to estimate the loading factors of each
node and then use AC to improve the accuracy of the shared



loading factors between nodes. In particular, as far as the
tensor slice of each node k € V is acquired, from (13) the
loading factors estimated at j-th iteration turn out to be given
(forp=1,...,Pandg=P+1,...,N) by

i p
U;f?}(t) {ka(p),k(t)Mp,k,j—l(t -1+ §Qp,k’,j—1(t)}

p 71
% [wnPprioa(t) + 1a] (15)
Ul(sq;(t) =Y (g),x(t) {Mq,k,j—l(t -1 (Pq,k,j—1(t))71} )

(16)

where Q;(t) = UPN(t — 1) — ")t — 1), Py (t) =
MI’kJ(t —1)M,, &,;(t — 1). It is worth pointing out that (15)
and (16) are computed independently at each node k£ € V), and
this low-rank tensor decomposition is essentially unique under
mild conditions with the following permutation and scaling

ambiguity

U () = UMY (I AL (1), (17)

where I (t) is a permutation matrix and A,(fn) (t) are full-rank
diagonal scaling matrices such that AW (¢)..- AN (1) = L.
Specifically, IT,(¢) is used to ensure consistency of elements
of each dimension between real and estimated tensors, which
can be obtained via an assignment algorithm like, e.g., the
Hungarian algorithm [33].

In order to aggregate the information provided by the tensor
slices of all nodes, we propose to compute (14) via AC. In
particular, we first perform CP decomposition from (15) and
(16) to achieve ﬁ,(gn)(t) solely based on the received tensor
slice of each node k € V, then AC is carried out for shared
loading factors at each node via the following steps.

=—(p) -~ _
- Define U}5(t) = UL (1), @l (1) = pl)_, (1)

- For{=1,..., L compute

—=(p) +=(p) ==(p)
Ukl,]z(t) :wk,k(t)Uk{)e—l(t)Jr Z wk,k’(t)UkI/),é—l(t)v

k'eN(t)
B =we k(OB (8 + Y wew (DFED (1),
k€N ()

(18)

where wy, p/(t) are the consensus weights of node k,
whose definition can be found in IV-A.
- As far as L iterations are accomplished, we set

= —=(p) _
Ut =00 + @l ),

. —(p) o
ud) (1) =El, () + Tt - TP ().

Then, we use the outcome of consensus as the initial value
of the ALS algorithm at time ¢ + 1. The proposed method is
summarized in Algorithm 1.

19)

IV. SIMULATION EXAMPLES

In this section, the performance of the proposed method
is verified via two simulation case-studies concerning loading
factor estimation and DOA tracking problems.

Algorithm 1: Proposed method (time ¢, node k € V)

Input: Tensor slices Vi (¢); number of consensus steps
L; AC weighting matrix W (¢); ADMM
convergence threshold 7y; {ﬁ,gn)(t -,
and uép)(t—l) forn=1,...,N and
p=1,...,P.

Set repeat_mark =1, set 7 = 0;

Let {UY) (O}, = {00 (0 = )1

Let p?)(t) = p? (£ — 1)

while (repeat_mark) do
J=J+1L
Step 1: Alternating least square
forp=1,...,P do

‘ Carry out (15) to obtain IAJ](vpj) (t);
end
for¢g=P+1,...,N do

‘ Carry out (16) to obtain ﬁ,(fq; (t);
end
Step 2: Average consensus
forp=1,...,P do

=(p) _ 17(p)

Set Uy, o(t) = Um(t),
for /=1,...,L do

Broadcast ﬁ,(sz_l(t), ﬁ,(f 271(7&) and receive

U1 (t), )y (1), for K € Ny

Carry out (18) to obtain ﬁ,(ﬁ(t) and
1)
end
Compute ﬁ;f’j(t) and u,(ngz(t) with (19);

—(p)

/‘k,o(t) @

=51 (1);

end

if [[O}) (1) = OF)_, (0)II% < i (for all
n=1,...,N) then
| Set repeat_mark = 0;

end

end
Set UV (1) = U (t). n=1,...,N.
Output: Estimated loading factors IAJ',(C”) (t) at node k.

A. Loading factor estimation case-study

Suppose that: (1) the entries of U,(Cn)(O) follow an i.i.d
Gaussian distribution with zero mean and unit variance; (2)
the entries of measurement noise N, follow an i.i.d Gaussian
distribution with zero mean and variance ¢2; (3) the elements
of the process noise loading factor Ny (¢) are i.i.d. Gaussian
with zero mean and variance €2 (i.e., time-varying factor).
To evaluate estimation accuracy, we use the normalized mean
square error (NMSE) of loading factors defined as follows.

e S QIO

(20)

We consider the following network types and the corre-
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Fig. 2: NMSE of estimated loading factors for different network types (a) and node number K (b).
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sponding AC weighting matrix W [26]:
o disconnected network, i.e. all nodes have no neighbors,
with W = Ig;
« fully-connected network, i.e. all nodes are connected to
each other, with W = 11} /K;
« adjacent network, i.e., each node is connected to at most
two neighboring nodes, with

1/2 1/2 0 0 0

0 1/3 1/3 1/3 0
I 01’

O 0 0 0 1/2

o dynamic network, i.e. the network topology changes at
each time, with Metropolis consensus weights defined as
[26]

1
k k") e &),
1+ max{d(t), d (t)} (k, k) (t)
we ()= 1= > wew(t) k=K,
{k.k'}EE(T)
0 otherwise.

In our simulations, we set N = 4 and Y,(t) €
C10x10x10x10 Begides, a significant change in loading factors
is assumed at ¢ = 100 (i.e. re-initialize loading factors), and all
the results are averaged over 1000 Monte Carlo trials. Weight-
ing, regularization and stopping threshold parameters are set
towy = 1,p=1 and 1, = 1076 for any k € V. Specifically,
at ¢ = 0 we initialize IAJ,(:)(O) and ukp)(O) randomly, with
all elements of U™ (0) and p{"’ (0) i.i.d. Gaussian with zero-
mean and unit-variance. Specifically, for the sake of simplicity,
we do not consider the limited resolution of sensors and
assume detection probability P; = 1. Simulation results for
different network types and number of nodes are shown in
Figs. 2a and 2b. The performance for different measurement
noise and process noise variances o2 and, respectively, €2
are shown in Figs. 3a and 3b. In addition, performance for
different number P of shared loading factors and CP rank
R are shown in Figs. 4a and 4b. It can be seen from the
aforementioned results that the proposed algorithm has good
convergence and that the parameter changes (i.e. o, €, P, R) do
not significantly affect loading factor estimation performance,
thus verifying the effectiveness of the proposed method.

B. DOA tracking case

In this subsection, we consider a networked multiple-input
multiple-output (MIMO) radar [34] scenario for DOA tracking
of moving targets. The MIMO radar employs multiple anten-
nas, at both the transmitter and the receiver sites, which trans-
mit linearly independent waveforms to offer superior capabil-
ities for target detection and tracking. In practice, reaching
independent waveforms is a hard job. In our simulations, we
assume linearly independent waveforms and that the received
signals have been synchronized. Assuming a transmitter array
and multiple receiver arrays, the matched filtered signal from

each receiver array in a coherent processing interval (CPI) can
be expressed as the following tensor [35]

yk(tn) =TIx A(tn) X2 B(tn) X3 C(tn) ""Nk'(tn)a (21)

where  the  Vandermonde A(ty) =
[a(61(tn), - (i (1)) € and B(t,) =
[b(61(tn)), .., b(Ok (tn))] € CMrXE represent the transmit
and receive steering matrices with K, My, M corresponding
to numbers of targets, transmitting antennas and receiving
antennas respectively. The factor C(t,) € CI*E ig
the reflection coefficient matrix including the Doppler
effect and fading of target radar cross section (RCS),
where F' is pulse number during a CPI. We set
R = 10,Mr = 4,Mp = 4,F = 10,0 = 0.001 in our
simulations. The simulation scenario is shown in Fig. 5.
Moreover, we assume that the transmitter is far away from
the receiver and in the simulation the transmitter is located
at (400km, 0). The results averaged over 1000 Monte Carlo
trials are displayed in Fig. 6. From the simulation results,
when the algorithm converges, the average estimation error
of DOA is less than 0.1°.

matrices
(CJWT XR

200

150 [
Eo0f
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0 50 100

x(km)
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Fig. 5: DOA tracking scenario.

DOA error (°)

150 200 250

0 50 100
Time index

Fig. 6: DOA tracking error.

V. CONCLUSION

This paper has addressed distributed streaming coupled
tensor decomposition via sensor networks. A key feature of



the proposed algorithm is the adoption of average consensus
for diffusing the shared loading factors of the nodes through-

out

the network. Simulation results have demonstrated the

effectiveness of the proposed algorithm. Possible future work
will concern: 1) extension to time-varying rank of tensors; 2)
generalization of the dynamic model F(-) for loading factors.
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